We provide a complete proof of an impressive series for 1/π due to Ramanujan. The computations are made using MAPLE (a symbolic software).
Introduction
In this paper we give a complete proof of an impressive formula due to Ramanujan [6, eqs. 39 and 44] (first proved in [1, Chapter 5] by J. and P. Borwein):
(1) ,
We will prove it from a modular equation of level 2 and degree 29, by using the formulas obtained in [4] ; see also [5] .
Modular equations
According to the papers [4] and [5] , we let
where s = 2, 3, 4, 6, and ℓ = 4, 3, 2, 1 is the corresponding level. The following functions x ℓ (q) are modular functions of levels ℓ = 4, 2, 3, respectively [3, p. 261], that parametrize x:
, and
If we let β = x ℓ (q), α = x ℓ (q d ), then a modular equation of level ℓ and degree d is an algebraic relation A(α, β) = 0.
A Maple procedure
Taking into account [2, Theorems 2.1 and 3.1], and a conjecture inspired by them for level ℓ = 2, we have written a Maple procedure which proves, for levels 3 and 4, the modular equations that it finds, and also for level 2 (if we assume that the conjecture is true). The procedure finds the algebraic relation A(α, β) = 0 in the R. Russell form, that is, using two auxiliary variables u and v, in the following way:
where P (u, v) is a polynomial in u and v, and h is a positive integer.
A Maple procedure that proves the modular equations that it finds. Copy and paste this procedure in a Maple session.
Proof of the Ramanujan series (1) for 1/π
We see that the formula (1) has z 0 = 99 −4 . As z 0 = 4α 0 β 0 where β 0 = 1 − α 0 , we get
Then, with an approximation of 20 digits, we have
and we identify 1/m 2 0 = 29. Hence, for proving (1), we need a modular equation of degree d = 29 for the level ℓ = 2.
Proof of the Ramanujan series (1) for 1/π. We get the modular equation we need by executing modeq (2, 29) , which give us an output of the following form:
where P (u, v) is a very long (it is not a drawback for a computer!) symmetric polynomial of degree 15 in u and v (see it in the Appendix). For applying our method we first make β = 1 − α, which implies u 2 = v 2 . Then, if we choose v = u, we get a polynomial P (u, u), which factors as
If we choose the following root:
(2) u 0 = v 0 = 1 19602 , then, from
we get
Differentiating P (u, v) = 0 with respect to u at u = u 0 , we find (4) v ′ 0 = −1. Then, differentiating P (u, v) = 0 twice with respect to u at u = u 0 , we get
Differentiating (3) with respect to u at u = u 0 , we obtain
.
Then, differentiating (3) twice with respect to u at u = u 0 we obtain
As the multiplier is given by [4] , replacing the already known values at u = u 0 , we get (7) m 0 = 1 29
Taking logarithms in (6) and differentiating with respect to u, we get
Finally, using the formulas (see [4] and [5] ):
with ℓ = 2 and d = 29, we obtain
which are the values corresponding to (1) .
Remark:
We have obtained the values in (4) and (5) , writing in Maple the following lines (where u0 is the value of u 0 and v0 is the value of v 0 ):
T:=u->P(u,v(u))): dv:=solve(diff(T(u),u)=0,diff(v(u),u)): ddv:=diff(dv,u): dv0:=subs({u=u0,v(u)=v0},dv); ddv0:=subs({u=u0,v(u)=v0},subs(diff(v(u),u)=dv0,ddv));
